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Summer School on Numerical Optimization Software - University of Freiburg

Exercise 8: Quadratic Assignment Problem
Gianluca Frison, Hans Mittelmann, Moritz Diehl

Applications
In the previous TSP exercise we have solved the arguably most well-known combinatorial optimization
problem. We needed mixed-integer linear programming capability (MILP). The TSP is a special case of
the quadratic assignment problem (QAP) and this is not linear anymore as the name says. Here you will
solve the basic problem from TSP exercise as QAP. The method you apply can be used to solve more
general QAPs of modest size such as from QAPLIB

http://anjos.mgi.polymtl.ca/qaplib/

In order to keep the effort small, we just add a small example.
See qap.pdf and concentrate on the formulation (QAP) on the last slide:

min
x∈Π

Tr(AXBXT )

where Π is the set of permutation matrices. Both A and B are symmetric with non-negative elements.

8.1 Find how to include the TSP in this! The distance matrix A stays the distance matrix and the flow
matrix B has to express the fact that (in any order) the flow has to go through all the locations and return
to the beginning and that in both directions. Argue why that is so for your choice.

Hint: think about the role of the permutation matrix X in the problem formulation.

8.2 Phrase the QAP problem in AMPL and solve the 10-city problem (use the data from Exercise 7,
but rewrite the distance matrix such that all elements are explicitly stated). Try the solvers (and options):
CPLEX (mipdisplay=2), Gurobi (outlev=1), MOSEK (outlev=2), SCIP, Xpress (outlev=0),
Bonmin, Couenne. You can run them all locally with the exception of MOSEK, that needs submission to
NEOS.

Hint: in order to find an expression for the objective, start with

Tr(AXBXT ) =
∑
i

(AXBXT )ii

and then repetedly use the expression of the definition of matrix-matrix multiplication

(CD)ij =
∑
k

cikdkj.

Beware the transposed!
Hint: what is a permutation matrix? In AMPL, use the keyword binary and constraints to express

that each row and column of X has exactly one 1.
Which solver produces the correct solution? Which solver is supposed to find the correct solution? At

least one solver helps you with the question if the problem is convex or not.
Hint: the solution X may or may not be unique... but a sub-expression of the objective is unique, and

it may be useful to display it too in order to compare the solution with the one from Exercise 7.

8.3 Find a formulation of the problem with linear objective and quadratic equality constraints (in addition
to the linear constraints). Phrase this in AMPL but do not solve it.
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8.4 Find a formulation of the problem with a simple linear objective and a quadratic inequality constraint
(in addition to the linear constraints). Phrase in AMPL and use the solvers CPLEX, Gurobi, SCIP, Xpress
(with the same options as above).

By carefully studying the output of CPLEX, Gurobi, SCIP and Xpress for the runs here and in 8.2,
determine how the solvers appear to have transformed and solved the problem. You may get a hint for
some of this from cpl miqp.pdf.

8.5 It is wasteful to solve the TSP as QAP. So solve one rather small QAP with your method, namely
NUG10 obtained by leaving off the last two rows and columns of NUG12 in QAPLIB (see Exercise 7).

Hint: use only the best solver, it may take a long time to solve the problem.
Final remark: this project allows us to jump all the way from a very simple to describe optimization

problem to the very forefront of algorithm development. The most challenging class of problems we will se
are MINLPs, mixed-integer nonlinear optimization problems. This exercise deals with the slightly simpler
class of binary problems with quadratic constraints. Still, some improvements even in commercial codes
such as CPLEX to better solve such problems were made very recently (in version 12.6.1 and again in
12.6.2). One of the lessons we learn is that problems can be phrased in words. Bit it is a different matter to
write a model, first mathematically, then in a suitable language. To solve this model then various transfor-
mations and reformulations can be made before applying an algorithm. Of course, for effectively solving
QAPs of up to about 30 in size other methods would be used. Larger QAPs are very hard to presently still
nearly impossible to solve except in special cases.
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