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Summer School on Numerical Optimization Software - University of Freiburg

Exercises 3 & 4: Nonlinear Programming
Gianluca Frison, Hans Mittelmann, Moritz Diehl

Bilevel Nonlinear Optimization Problem
A general formulation for a constrained minimization problem is

min
x∈Rn

f(x)

s.t. gi(x) = 0, i ∈ E
hi(x) ≥ 0, i ∈ I

(1)

where I and E are the set of indexes of the inequality and equality constraints.
The first order necessary optimality conditions (commonly referred as Karush-Kuhn-Tucker conditions

or KKT conditions) state that, if x∗ is a local solution of (1), then there exist Lagrange multipliers π∗ and
λ∗ such that the following conditions are satisfied at (x∗, π∗, λ∗):

∇xL(x∗, π∗, λ∗) = 0 (2a)
gi(x

∗) = 0, i ∈ E (2b)
hi(x

∗) ≥ 0, i ∈ I (2c)
λ∗i ≥ 0, i ∈ I (2d)

λ∗ihi(x
∗) = 0, i ∈ I (2e)

where
L(x, π, λ) = f(x)−

∑
i∈E

πigi(x)−
∑
i∈I

λihi(x)

is called Lagrangian function.
Condition (2e) is called complementarity condition, and states that at a solution either constraint i is

active or λ∗i = 0 (or possibly both). In particular, the Lagrangian multipliers corresponding to inactive
inequality constraints are zero.

3.1 Consider the following bilevel optimization problem

min
x

−x21 − 3x2 − 4y1 + y22

s.t. x21 + 2x2 ≤ 4,
x1 ≥ 0, x2 ≥ 0,
miny 2x21 + y21 − 5y2
s.t. x21 − 2x1 + x22 − 2y1 + y2 ≥ −3,

x2 + 3y1 − 4y2 ≥ 4,
y1 ≥ 0, y2 ≥ 0.

Show that the inner problem (where x is assumed to be a parameter) is convex. Compute the KKT opti-
mality conditions for the inner problem: since the problem is convex, these conditions are necessary and
sufficient. Therefore, you can add them to the outer problem in place of the inner problem.

Write a AMPL model to solve the outer problem augmented with the KKT conditions from the inner
problem.
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Hint: in order to closely stick to the KKT conditions, the constraints on the sign of the yi variables must
be considered as inequality constraint and treated correspondingly. Furthermore, remember that constraints
on the sign of variables can be enforced as bounds on the variables definition in AMPL.

Show that the outer problem is not convex and therefore there may be local minima.
Use KNITRO to solve the problem. You may want to employ the multistart procedure in KNITRO,

passing the options

option knitro_options "ms_enable=1 ms_maxsolves=30 ms_maxbndrange=5";

You may want to add the option outlev=2 in order to show the objective for all runs: this allows you to
check if different solutions are found.

Verify that you found the global minimum by using the global solver Couenne.
Extra: KNITRO has the option to handle complementarity constraints as special constraints, since

when handled as generic constraints numerical difficulties may arise in some problems.
This is not the case for our test problem. However, you may try to reformulate the complementarity

constraints as

s.t. compl_cons_name: 0 <= ineq_const_expr complements lagr_mult >= 0;

Note that this expression also incorporates the condition on the sign of the constraint and the Lagrangian
multiplier.

Kissing Number Problem
The Kissing number problem is a problem of sphere packing. Spheres of diameter 1 are packed around a
central sphere of the same diameter. In 2 dimensions, the maximum number of outer spheres is 6. Think
of 6 coins placed around a central one.

Newton conjectured that in 3 dimensions the number is 12. This was not proved until 1953. You can
give a computational verification today.

In 4 dimensions, the kissing number is 24 and this was only proved in 2008. You should be able to give
a computational confirmation of this result today.

3.2 Write an AMPL script such that

• the coordinates of the centers of the outer spheres are the variables

• the outer spheres touch the central sphere

• the outer spheres do not intersect (phrase as distance condition)

• so far you have just a feasibility problem; but in order to answer a question below it is advantageous
to maximize the mutual distance of the outer spheres.

Hint: use for N spheres in n dimensions

var x{i in 1..N, j in 1..n} >= -1, <= 1 := Uniform(-1,1);

for the unknown centers and an interior point NLP solver (for dimensions up to 3 the demo AMPL version
works, for larger problems you need to submit to the NEOS server). Avoid square roots. Draw a picture to
clarify the situation.

Hint: in case of distance maximization, the objective function should be very simple.
In 3 dimensions, none of the outer spheres need to touch any other. In fact, what is the distance they

can all have from each other? You can read a bound for this distance from your results. What would you
do in order to find the maximal such distance?
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You may start by confirming the result in 2 dimensions. Note that with increasing dimensions the
computations become more sensitive and you many have to try different solvers and options to obtain the
desired results.

Hint: to succeed in 4d it is helpful to use the NEOS interior point solver which has a multistart feature
(google it!) and to activate that with a moderate number of starting points (30); do not use distance ma-
ximization. Use the display command to output the mutual distances of the spheres. How many starting
points do you need when you do use maximization of the distance?

For more informations about the kissing number problem you may want to see Wikipedia

https://en.wikipedia.org/wiki/Kissing_number_problem

Portfolio Optimization Problems
In this problem you solve realistic small problems from mathematical finance, particularly portfolio opti-
mization. Download the first three pages from Nocedal&Wright chapter 16, and in order to have realistic
data and an AMPL script to work with download the file optriskreward.mod from

http://www.orfe.princeton.edu/˜rvdb/ampl/nlmodels/markowitz/index.html

Both files can be also downloaded from the course repository.

3.3 Study this file (note the use of sets in AMPL) and see how you can modify it (call the new file e.g.
portfolio.mod) to reflect the problem in Example 16.1 in the above source, that can be rewritten in
the form

min
x

kxTGx− xTµ

s.t.
∑
i

xi = 1

xi ≥ 0

This makes the problem a standard QP with positive definite objective matrix and linear constraints. Check
that you get the same solution as with the original file.

3.4 Now reformulate the problem (call the new file e.g. maxreturn.mod) to maximize the return
subject to given variance (note that in this case you have linear objective and quadratic constraints). You
get a value of the variance from the previous problem. Verify that for the same variance you get the same
solution.

How does the portfolio change when you double/triple the variance? You may need to use a different
solver if the one used in point 3.3 fails to converge.

Large-Scale Optimization Problem
The page

http://www.mcs.anl.gov/˜more/cops/

presents COPS, a large-scale Constrained Optimization Problem Set.
The file lane emden40.mod contains a problem from version 3 of COPS.

3.5 Use the KNITRO solver on the NEOS server to solve this problem. Compare the different algorithms
provided by KNITRO (in terms of e.g. solution time, number of iterations, number of function evaluations,
accuracy and other relevant metrics) and make a table with the results. What is the best algorithm for this
large-scale problem?

What other solvers can be used to solve this problem?
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