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Summer School on Numerical Optimization Software - University of Freiburg

Exercise 9: Mixed Integer Nonlinear Programming
Gianluca Frison, Hans Mittelmann, Moritz Diehl

Problems on Convexity - 2
In this exercise we repeat the Problems on Convexity from exercise 5 but with integer variables. Therefore,
let us consider the optimization problem

min
x,y∈Z

x2 − y2 (1a)

s.t. x2 + y2 ≤ 1 (1b)
x ≥ −2.5 (1c)
y ≥ −2.5 (1d)

Again, the objective is not convex, the constraints define a convex feasible set, but this time the variables
are integer.

9.1 Draw a picture of the optimization problem and locate the possible solution (wither on paper or using
contour in Matlab or Octave).

Phrase the problem in AMPL (call the file e.g. conv1i.mod). Use the CPLEX solver. What does
CPLEX say?

Let us try the option reqconvex=2, that tells the solver to just look for a local solution (conv2i.mod).
What is the output? Again, this applies only if the constraints are linear.

Now, let us condiser the problem where the constraint (1b) is linearized as

s.t. x+ y ≤ 1.

Again, a picture of draw the problem and guess about the solution.
Phrase the problem with linearized constraint in AMPL (conv3i.mod). What does CPLEX say in

this case? Can it find a local solution?
Now let us try the option reqconvex=3 to find the global solution (conv4i.mod). Can it find the

global solution? If yes, compare it with the solution from conv3i.mod.

9.2 Let us try another solver, Gurobi (conv5i.mod). Can it solve the problem?

9.3 Let us try Xpress (conv6i.mod). Can it solve the problem? Is it local or global?

9.4 Let us try a global solver, SCIP (conv7i.mod). Can it find the global optimum?
What we have not solved so far was the original QCQP. Using SCIP to solve the original problem

(conv8i.mod). Can it solve the problem?
Finally, let us make the feasible set nonvconvex: replace constraint (1b) with the constraints

s.t. x2 + y2 ≥ 1

x2 + y2 ≤ 3

(do it in file conv9i.mod). Draw a picture of the problem and guess about the solution.
Can the SCIP solver find the global solution also in this case?
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Boiler Problem
Let us consider the problem (presented in boiler.pdf) of producing steam using a total of five boilers.
Each boiler i operates in a load range [li, ui] and with efficiency

fi(x) = ai + bix+ cix
2 + dix

3

with coefficients

boiler i li ui ai bi ci di

1 10.0 60.0 56.49 1.67 -0.041 0.00030
2 10.0 60.0 71.37 0.61 -0.016 0.00011
3 15.0 120.0 23.88 2.05 -0.024 0.00009
4 12.5 112.5 17.14 2.73 -0.035 0.00014
5 15.0 135.0 72.38 0.34 -0.003 0.00001

The goal is to produce 350 units of steam at minimal cost:

min
x

5∑
i=1

xi

fi(xi)

s.t.
5∑

i=1

xi = 350

li ≤ xi ≤ ui

9.5 Phrase the problem in AMPL. Solve it using KNITRO. Is the problem convex? Confirm that the
optimum is the global one using Couenne.

9.6 Introduce binary variables y to allow boilers to be switched on or off. Use again the solvers KNITRO
(with and without multistart), and Couenne to confirm the global solution.

Hint: you can add the binary variables y to the model in different ways. One possibility is to add
them to force the upper and lower bounds on x to zero. Another possibility is to add them to the cost
function and production constraint to zero out the components due to switched off boilers. When KNITRO
without multistart is employed, are these two possibilities leading to the same solution? And what about if
multistart is employed?

An alternative formulation of the problem can be found in

http://blog.mosek.com/2016/03/reformulating-non-convex-minlp-as-misocp.html

Here the inefficiency of the plan is modeled with a second order polynomial. As a result, it is possible to
transform the original (and intuitive) MINLP formulation into MISOCP formulation. This is an example
as investing time on the model often pays off.
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