
10.1. A Formulation Example for a Linearly Constrained Nonlinear Program 39110.1 A FORMULATION EXAMPLE FORA LINEARLY CONSTRAINEDNONLINEAR PROGRAMWe begin this chapter with a practical example due to C. H. White, of a nonlinearmodel in which the constraints are linear. It arose in the boiler shop of a companywhich has �ve (5) boilers operating in parallel for generating steam. Data on theboilers is given below. Tableau 10.1Boiler Boiler load rangei limitslower upperli ki a0i a1i a2i a3i1 10 units 60 56:49 1:67 �:041 :000302 10 60 71:37 0:61 �:016 :000113 15 120 23:88 2:05 �:024 :000094 12:5 112:5 17:14 2:73 �:035 :000145 15 135 72:38 0:34 �:003 :00001The unit measures the rate at which steam is produced per unit time. If the ith boileris kept on, it must be operated within its load range limits li, ki. The boiler's energye�ciency de�ned as a percentage is 100 � (energy content of output steam)/(energycontent in the input fuel). It tends to increase as the load moves up from the minimumallowable operating load, and then peaks and drops as the load approaches the upperlimit. Data was collected on the boiler e�ciencies at di�erent operating load levels,and the plots indicated that boiler e�ciency can be approximated very well by a cubicpolynomial of the operating load. Let y(�) = e�ciency of a boiler when it is operatingat load � units. We approximate y(�) by f(�) = a0 + a1� + a2�2 + a3�3, where a0, a1,a2, a3 are parameters to be estimated from data. The problem of determining the bestvalues of the parameters that give the closest �t between observed e�ciency and thecubic polynomial, is known as the parameter estimation problem or the curve�tting problem. Suppose we have r observations on a boiler, at load levels �t, t = 1to r yielding observed e�ciencies of yt, t = 1 to r respectively. To derive the closest�t we need to construct a measure of deviation of the functional value f(�) from theobserved y(�) over the range of values of � used in the experiment, depending on theparameter vector a = (a0; a1; a2; a3). Three di�erent measures are in common use.



392 Chapter 10. Survey of Descent Based MethodsThey are L2(a) = rXt=1(yt � a0 � 3Xs=1 as�st )2L1(a) = rXt=1 jyt � a0 � 3Xs=1 as�st jL1(a) = Maximum fjyt � a0 � 3Xs=1 as�st j : t = 1 to rg:Since the L2(a) measure is a sum of squares, the technique which chooses the parametervector a to minimize L2(a) is called the least squares approach or the method ofleast squares. If â = (â0; â1; â2; â3) is the best vector of parameter values obtainedunder this method, the function â0 + â1� + â2�2 + â3�3 is called the least squaresapproximation for y(�).If the parameter vector a is determined so as to minimize the measure L1(a), theresulting function f(�) is known as the Tschebyche� approximation for y(�).If all the parameters appear linearly in the functional form f(�) (as in this boilere�ciency example) the problem of minimizing either the L1- or L1-measures can bothbe posed as linear programs and solved by the e�cient simplex method. However, ifthe parameters appear nonlinearly in the functional form, the least squares method ispreferred for parameter estimation.If the measure of deviation is too large even at the best parameter values, it isnecessary to review the choice of the functional form and modify it. Besides, it ispossible that no simple function provides a good approximation for all possible valuesof load. It is only necessary to �nd a good functional representation of the e�ciencyin the neighborhood of the optimum load values, if some reliable practical knowledgeis available on the likely location of this optimum.Thus, even the process of constructing a mathematical model for the problemmight itself need the application of optimization algorithms for parameter estimation.The Basic Di�erence Between Linear and Nonlinear ModelsTo construct a linear programming model involving n nonnegative variables subject tom constraints, we need to estimate the (m+ 1)(n+ 1)� 1 coe�cients of the variablesin the constraints and the objective function, these are the data elements in the model.Real life LP applications routinely involve models with n = 100; 000 or more, and mas large as 6000. A large scale LP model is usually of this size.To construct a nonlinear model, we have to determine the functional form of theobjective and each constraint function, and obtain the best values for any parametersin each. For this reason, practical nonlinear models tend to have fewer variables thanlinear models. Depending on how complicated the functions involved are, a nonlinearmodel with about 200 variables could usually be considered as a large scale model.



10.2. Types of Solutions for a Nonlinear Program 393Boiler Example, ContinuedFor the boiler problem, estimates of the best parameter values in the functional formfor the e�ciency of each boiler are given in Tableau 10.1.At a point of time, the Company's steam requirements are 350 units per unit time.The problem is to determine how this total load of 350 units should be shared acrossthe �ve (5) parallel boilers so as to minimize the total fuel cost. It may be possible toget a lower overall cost by shutting down one or more of the boilers and meeting thedemand using only the remaining boilers. For example, here it can be veri�ed that thetotal load of 350 units can be met using boilers 3, 4, and 5 only. Thus the problem ofdetermining the most e�cient plan to meet a load of exactly 350 units, leads to a mixedinteger nonlinear programming problem in which there are �ve zero-one variables todetermine which of the �ve boilers are shut down and which are kept operating, andthe operating load level for the boilers that are kept operating. In this plant however,it is known that the Company's steam requirements vary with time. When the demandfor steam goes up, if a boiler is kept operating, it is a relatively easy matter to increasethe boiler's steam output by turning a few valves. On the other hand turning on ashut down boiler is an expensive operation. In order to be able to meet the varyingsteam requirements over time, it was determined that all the �ve boilers should bekept operating. Under this condition, since xi=fi(xi) is a measure of the energy cost ofobtaining a load of xi units from boiler i, we are lead to the following nonlinear model:minimize 5Xi=1 xi=fi(xi)subject to 5Xi=1 xi = 350li <= xi <= ki; i = 1 to 5which is a linearly constrained nonlinear program.Exercise10.1 Using the 0� 1 variables yi de�ned byyi = 1 if the ith boiler is kept operating= 0 otherwiseformulate the problem of determining the most e�cient plan for producing exactly 350units of steam per unit time as a mixed integer NLP.


